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An operator T, mapping the Lebesgue space L,(P) into itself, is said to be 
antilocal if it has the following property: Let I’ be an arbitrary open set in En, 
then the only function MEL,, which satisfies both f(x) = 0, x E V and 
Tf(x) = 0, x E V, is the zero function. The Hilbert transform on L,(E,J 
provides the most familiar example of such a transform (see Horvath [I]). 
Also, Segal and Goodman [3] showed that the operator T = (m21 - @, 
where d is the n-dimensional Laplace operator, is antilocal in L&P) under 
the conditions: n is an odd integer, m is a real number, and A is a nonintegral 
real number. In their paper, Segal and Goodman used the Fourier transform 
in L,(P) to construct their antilocal operator T. In this paper, we will study 
the antilocal properties of the square roots of an elliptic partial differential 
operator with constant coefficients. Our construction will also be by the 
Fourier transform method. 
We introduce the following notation. Let 
Au = - f aijDiDju + f a,Dp + au 
i,j=l j=l 
be a constant coefficient second order partial differential operator 
(Di = a/&,),where the matrix [ad is real, symmetric, and positive definite. Let 
A(5) = 5 a&& + i i ai& + a, E = (61 , Es ,***, 5,) 
i.j=l j=l 
be the symbol of the operator A, considered as a pseudodifferential operator. 
Let ii be the Fourier transform of a function u E L,(P), and set ~(8) = A([)1/2 
(conditions will be imposed on u(t) later). Define the operator T, the square 
root of A, on L,(P) by 
Q(T) = {u EL&P): uii EL&P)), 
Tu(X) = i u(e) eiX%(Q de 
(1) 
u E .W), 
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where 
The purpose of the present note is to prove the following. 
THEOREM. Let the symbol ~(4) of the operator T = AlI2 satisfy, for all 
5 E E*, Re u(t) > 0 and 1 Im u(f)/ < M for some positive real number M. 
Then, the operator T, defined by Eq. (l), is an antilocal operator on L,(E”) for 
n > 2. 
Remark. The hypothesis Re u(t) > 0 requires that the zero order term a 
is > 0; conversely, the stated conditions on u(t) are always satisfied if 
either (1) a > 0 and aj real, or else (2) aj arbitrary and a sufficiently large and 
positive. 
Proof. Let u EL,(E”) and v = Tu eL2(En). To show that T is anti- 
local, we let I/ be an open set in En such that v(X) = u(X) = 0, X E V. To 
make later definition meaningful, we introduce an infinitely differentiable 
function having a small support. This support will be chosen later. 
Now, applying the Fourier transformation to v = Tu, we get 
If we denote the convolution of # and v by +*v, then $*v = T(+*u) by the 
properties of the Fourier transform. We now choose the support of 4 so small 
that there exists an open set G C V with the property that 
$*v(x) = $*24(X) = 0, forXEGC V. 
We now interrupt the proof to introduce two lemmas, which will be proved 
after we complete the proof of the theorem. Let 
u(X, Y) = j exp(W) Y) W) $(=!I eax+ & 
XE En, y~El. 
LEMMA 1. Let / Im u(E)/ < Al, for some positive constant M. Then, 
U(X, y) is in Cm(En x El), and 
lii U(X, y) = +*+q, 
$5 ; u(X, Y) = W*4 (XL XE E”. (4) 
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LEMMA 2. Let 1 Im u(f)1 < M, f or some positive constant M, and let 
Re u( 6) > 0. Then, for each$xed X E En, U(X, -) can be extended to a function 
which is analytic in the upper half plane. 
We now complete the proof of the theorem. Since 
we have 
065 Y> = exp(W Y) ~(~> &), 
P2/W) fi(t, y) = - 40” exp(W Y) %) &> 
= - 4.53 W,Y), EEE~, y~El. 
From Lemma 1, we conclude that U(X, y) satisfies the hyperbolic boundary 
value problem 
(a2w?Y2) (X9 y) = - A WY y), ti U(X, Y> = C*+q, 
I;$W~Y) (X, Y> = iT(+*u) W, XEE”, y~El, 
(5) 
where the elliptic operator A acts on the X variable. It should be noted that 
this solution U(X, y) exists for both positive and negative y. Since 
T($*u) = $*v, our choice of G shows U(X, 0) = 0, X E G. However, since 
the problem is hyperbolic, there exists an open subset K of G and a positive 
6suchthat U(X,y)=O,forX~KandO<y<S. 
We now examine the function U(X, .), for fixed X E K. By Lemma 2, 
U(X, *) has an analytic extension into the upper half plane, from which we 
deduce 
!i$ u(X Y + 4 = WC y). (6) 
Since U(X, y) is zero when X E K and 0 < y < 6, the analytic extension of 
U(X, .) vanishes in the upper half plane, as U(X, .) vanishes on part of its 
boundary and therefore U(X, y) is zero in the infinite open cylinder 
K x (- co, co). Since the solution of a hyperbolic equation must be constant 
along its characteristics, the solution U(X, y) of (5) must vanish in all of 
E” x El, as it already is known to vanish in the forward and backward 
cylinder K x (- co, + 00). (See [2] for a more general result). Now, 
U(X, y) = 0 in E” x El implies, by (5), that $*u(X) = 0 for X E En. Since 
C$*U converges to u in L,(E”) when the support of 4 is taken arbitrarily small, 
we conclude u = 0 almost everywhere. Except for the proofs of the lemmas, 
the theorem is now complete. 
We now prove the two lemmas. 
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Proof ofLemma 1. Standard consideration will easily show that U(X, y) is 
infinitely differentiable in all variables. As the proof of (3) is similar to that 
of (4), we will just give the proof of the latter. 
Let E, E > 0 be given. Then, from the definition of C’(X, y) and the defini- 
tion of convolution, we have 
I WC Y) - u*WJl = j 1 (exp[WYl - 1) WMt) eiX.E & j . u 
Since 4 is rapidly decreasing, we have for an arbitrary positive integer N 
I YX,Y) - ~*YVYI d CN s I WW)rl - 1 I I 431 (1 + I E l2)-N&, 
(7) 
where C, is a positive constant dependent on N. By restricting y to / y 1 < 1, 
without loss of generality, and by using the assumption / Im u(t)1 < M, we 
have 
1 exp[iu( 6) y] - 1 / < 1 + eMy < I + e”. 
By applying the Schwartz inequality and taking N sufficiently large in (7), 
we obtain a bounded L,(E”) norm, which is uniform in y, for the integrand 
of (7). Thus, there exist some large number R, independent of y, such that 
the integral (7), when integrated only over (6: 1 5 ) 3 R}, is less than e/2. 
Since exp(iu( 5) y) - 1 g oes to zero as y goes to zero, uniformly in 5 when 5 
is restricted to (6: 1 5 / < R}, the Lebesgue dominated convergence theorem 
implies that the remainder of the integral in (7) over the set {[: 1 5 / < R} 
can be made less than r/2. This completes the proof of Lemma 1. 
Proof of Lemma 2. Let 
V-F y + iv) = )” exp[iu(f) ( y + iv)] J(S) a(,$) eix” dt. (8) 
We will show that U(X, y + iv) is analytic for ZI > 0, by estimating its 
derivatives. Differentiating (8), we obtain 
exp(iu([) (y + iv))+(f) li(.$) eix’c d[, z’ > 0. 
Using the hypothesis of the lemma and taking absolute values, we get 
m e”y exp( - Re u( 6) * w) ) r$ / / ti 1 d[. (9) 
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Since 1 Im u(t)/ < M, there exists a positive constant C such that 
I u(4)lm ,< C(l Re 49m + 1). 
Then, from the inequality 
tPe-ts < C,C8pp! all t>O and S>O 
and the hypothesis Re u(t) > 0, we have 
I u(f>P exp(- Re 40 v) G G(l Re ~ii3~ + 1) exp(- Re u(E) 4 
< C,C,“m!, w > 0. 
(10) 
The constants Cs and C,, do not depend on m, and further C, depends only 
on D. Thus, by combining inequalities (9) and (lo), we get 
< C,Cumm! for v > 0, 
where C, and C, are independent of m. This inequality, which limits the 
growth rates of the derivatives of U(X, y + &Y), implies that U(X, y + k~) 
is a real analytic function for et > 0. In order to show that U(X, y + iv) 
is the extension of U(X, r), it is only necessary to modify the limit argument 
used in Lemma 1. This completes the proof of Lemma 2 and hence, the 
theorem. 
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